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The symmetric Werner states for n qubits, important in the study of quantum nonlocality and 
useful for applications in quantum information, have a surprisingly simple and elegant structure in 
terms of tensor products of Pauli matrices. Further, each of these states forms a unique local unitary 
equivalence class, that is, no two of these states are interconvertible by local unitary operations. 
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Quantum information, motivated by practical appli- 
cations in computation and cryptography, has been in- 
strumental in shedding light on fundamental theoretical 
questions in physics and computer science. These include 
violation of Bell inequalities and local hidden variable 
theories [J-Q, new proofs of classical information theo- 
rems [3] , and new physical principles such as information 
causality [11 . Basic questions about states have been a 
driving theme. For example, when is a given state sep- 
arable? When does it exhibit correlations that are non- 
classical? Considering quantum states as resources raises 
the question of interconvertibility. When can one given 
state be transformed by local operations into a second 
given state? In general, these questions are difficult. In 
this article, we consider a class of states that has been 
demonstrated to have interesting and useful properties 
for which we give a structure theorem and answer the in- 
terconvertibility question. We introduce a novel analysis 
based on the identification of symmetric density matri- 
ces with real polynomials in three variables and apply 
the representation theory of 5*0(3) on this space of poly- 
nomials. 

The symmetric Werner states lie in the intersection of 
two important classes of composite states of subsystems 
of equal dimension. Symmetric states, that is, states that 
are invariant under permutation of subsystems, are the 
subject of recent work including: geometric measure of 
entanglement [6 10], efficient tomography classifica- 
tion of states equivalent under stochastic local operations 
and classical communication (SLOCC) [l^ - [T^ |. and our 
own work on classification of states equivalent under lo- 
cal unitary (LU) transformations Werner states, 
defined to be those states invariant under the action of 
any particular single qubit unitary operator acting on 
all n qubits, have found a multitude of uses in quan- 
tum information science. Originally introduced in 1989 
for two particles [2| to distinguish between classical cor- 
relation and Bell inequality satisfaction, Werner states 
have found use in the description of noisy quantum chan- 
nels jl7| , as examples in nonadditivity claims [isj , and in 
the study of deterministic purification [l9| . In what may 



prove to be a practical application to computing in noisy 
environments, Werner states comprise decoherence-free 
subspaces for collective decoherence j20l - |22| . 

An understanding of structure and entanglement prop- 
erties of mixed Werner states is known for bipartite and 
tripartite systems of arbitrary dimension 0, [2^ , but re- 
mains an open problem for higher numbers of compo- 
nent subsystems. It is natural to restrict the problem 
to subclasses that might be more tractable. In previous 
work 2JI we have fully classified local unitary equivalence 
classes of pure Werner states. In this article, we consider 
the case of symmetric Werner states (pure and mixed), 
which include the singlet and the uniform mixture of 
symmetric Dicke states. The symmetric Werner states 
for n qubits have a surprisingly simple and elegant struc- 
ture: their density matrices consist of linear combinations 
of symmetrized products of (7x®'^x-'r'yy®'^y-'r<^z® <^z and 
the identity. Further, each of these states forms a unique 
local unitary equivalence class, that is, no two of these 
states are interconvertible by local unitary operations. 

We show how symmetric mixed states of n qubits can 
be represented as real polynomials in three variables. We 
then show how to use representation theory of 5(9(3) on 
polynomials to obtain the main result. Theorem [1] below. 



I. PRELIMINARIES 

Let W denote the 4-dimensional real vector space of 
2x2 Hcrmitian matrices. A convenient basis for W is 
{(Tq, (Ti , (72, fs}, where co is the 2x2 identity matrix, and 

= Ca:, cr2 = fy, and (73 = <Tz sjic thc Pauli matrices. 

The set of n-qubit density matrices is a proper subset 
of the vector space VV®" , where every element p (whether 
or not p is positive or has trace 1) can be uniquely writ- 
ten in the form p = "Y^j s/c/, where / = 11^2 . . . i„ is a 
multiindex with — 0,1,2,3 for 1 < fc < n, and cr/ 
denotes 



'Electronic address; 
t Electronic address: 



lyons@lvc.edu| 



walck@lvc.edul 



with real coefficients s/. 

Given a permutation tt of {1, 2, . . . , n}, let denote 
thc operator on Hilbert space that carries out the corre- 
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spending permutation of qubits. Here are two examples. 
P(23) 111000) = 110 1 00) 

P{23) (O-J (Xl (g) O-;) P(23j = CTj ® (7/ ® CTfe 

Define a symmctrization operator on density matrices as 
Sym(p) = l^P.pP-i. 

An n-qubit symmetric density matrix p is one for which 
Pn-pP^^ = p for all permutations tt, or equivalently, one 
for which Sym(/9) = p. We denote by Sym" W the n-fold 
symmetric power of W. It is the subspace of elements 
of W'^" that are invariant under qubit permutation. Ev- 
ery n-qubit symmetric density matrix p is an element of 
Sym" W, and can be written 

P=^T. ^"i"="3 Sym {af-o ® af ® af-^ ® ^3^"^) , 

(1) 

where the sum is over non- negative integers ng, ni, 77.2, 
and 713 such that hq + ni + n2 + — n. The coefficients 
Cninana ^.re real. The collection of 7T.-qubit symmetric 
density matrices is a proper subset of Sym" W, since the 
latter contains Hermitian matrices that are not positive 
semi-definite, and Hermitian matrices for which the trace 
is not 1. 

Let M„[a;,y,2] be the set of polynomials of degree at 
most n in three variables x, y, and z with real coeffi- 
cients. For each n, there is a linear map P„ : Sym" W — > 
M„[x, y, z] defined by 

^ Sym ((7®"° (g) af"' (g) af"' (g "=') ^ x"iy"^z"^ 

In this way, we may associate a polynomial of degree at 
most n with each n-qubit symmetric mixed state. The 
polynomial associated with ([Ij is 

Fn{p)= J2 c„,„,„3x"^y"^^"^ (2) 

For each n, the map P„ is an invertible linear map. Ta- 
ble |T] lists these polynomials for some example symmetric 
mixed states. 

Since P„ is a linear map, the polynomial for a mixture 
of symmetric mixed states is the mixture of the polyno- 
mials. 

F„{pipi +P2P2) =PlFn{pi) +P2Fn{p2) 

A product of polynomials K„[a;,y, z] x 
]Rn+m[a;, y, z] represents the symmetrized tensor product 
of states. 

Fnipi)Fm{p2) = P„+m(Sym(/9i g) P2)) 

Let g e SU{2). Define Tg : Sym" W -> Sym" W to be 
the symmetric transformation of each qubit by g. 



Symmetric Mixed State p n Fn[p) 



TABLE L Polynomials for some symmetric mixed states. The 
density matrix for the W state is pw ~ |(|100) + |010) -f 
|001))((100| + (010| + (001|). The totally mixed 1-qubit state 
is | = i|0) {Ol + i|l)(l|. 

If we define Rg : ]R„[x, y, z] — >■ Mri[a^5 y, z] to be the trans- 
formation on polynomials defined by 

Rg{f){x,y,z)^ f{{x,y,z)^{g)), (3) 

where / is a polynomial, $ : SU{2) — !> 50(3) is the ho- 
momorphism [23| that associates a rotation in R'' with 
each 2x2 unitary, and {x,y, z)^{g) denotes a row vec- 
tor multiplied by a 3 x 3 orthogonal matrix, then the 
following diagram commutes. 

R 

Rn[x, y,z] ^ Rn[x,y,z] 

Sym"W — ^ Sym"W 

It is curious in TableUthat the pure W state appears as 
the product of other polynomials, and hence as the sym- 
metrized tensor product of Hermitian matrices. Since a 
symmctrization is a mixture, it seems contradictory that 
the pure W state could be a mixture. The resolution 
is that the factor 1 + 2x^ + 2y^ — corresponds to a 
Hermitian matrix with a negative eigenvalue, and hence 
does not represent a density matrix. It is an interesting 
question to ask whether there is physical significance in 
the factor-ability of the W state. 

II. SYMMETRIC WERNER STATES 

Theorem 1. Let p be an n-qubit symmetric mixed state. 
We claim that ^^"^(gt)®" = p for all g £ SU{2) if and 



10) (0| 1 1 + z 

|1)(1| 1 1-z 

i+)(+l = |(|0) + |l))((0| + (l!) 1 1 + x 

Totally mixed, 1 |0) (01 + i |1) (1| 1 1 

|00)(00| 2 (1 + 2)^ 

Totally mixed 2 1 

i |00) (00| + 1111) 2 1 + 

i|0)(0|®| + |i®|0)(0| 2 1 + z 

Singlet, i(|01) - |10))((011 - (101) 2 1 - - - 

i(100)-|ll))((00|-(ll|) 2 l-x'+y' + z' 

1(100) + |11))((00H- (111) 2 



i(101) + |10))((01| + (10|) 2 1 + x^+y^ 



2 

Uniform Dicke mixture 2 1 -f ^{x^ + y'^ + z^) 

|000) (000| 3 {l + zf 

GHZ, i(lOOO) + llll))((000l + (111|) 3 1 + 3z'^ + x^ - 3xy'^ 
W 3 (l + z)- 

(1 + 2x^ + 2y^ - z^) 
Uniform Dicke mixture 3 I + x'^ +y'^ + z^ 

Uniform Dicke mixture 4 1-1- 2{x^ + + z^) 

+ i(x2 + y2 + ,2)2 
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only if Fn (p) is a linear combination of terms of the form 
2/2 + 22)™, forO <m< n/2. Further, any two such 
states are local unitarily inequivalent. That is, there is 
no product g — g\ ® g2 ■ • ' ® ejn 

of local unitaries gi such 

that gpg^ = p' unless p = p' . 

It is clear that polynomials of the form Fn{p) ~ 

Emio brnix^ + + z^)" are invariant under the SU{2) 
action ([3]) since x'^+y'^+z'^ is invariant under any rotation 
in SO{3). 

Conversely, suppose that (7®"p(g^')®" = p for all g e 
SU{2). Then i?g(i^„(p)) = F„(p) for all g G S'C/(2). We 
seek to find the subspacc of R„[a;,y, z] that transforms 
as the trivial irreducible representation of SO{3). Homo- 
geneous polynomials in three variables x, y, and z are 
known to be reducible representations of 50(3) [25j j28|. 
If Vi is the irreducible representation of SO{3) with di- 
mension 21 + 1, then the homogeneous polynomials of 
degree p in three variables decompose into irreducible 
representations as 



Lp/2J 



2j- 



(4) 



When expressed as a sum of irreducible representations, 
the homogeneous polynomials of degree p in three vari- 
ables contain one dimension of the trivial representation 
(Vo) if p is even, and zero dimensions if p is odd [25| . 
The vector space Rn[x,y, z] of polynomials of degree at 
most 71 is a direct sum of vector spaces of homogeneous 
polynomials of degree p, for < p < n. Therefore, the 
space Rn[x, y, z] contains [n/2\ +1 dimensions of the triv- 
ial representation. Since we have identified all of these 
dimensions, Fn{p) must be a linear combination of the 
polynomials given. 

Finally, let p, p' be symmetric Werner states, and sup- 
pose there is a local unitary operation g = gi ® g2 ® 
■ • ■ ® gn such that gpg^ = p' . We show in [l^ that 
for n > 3 there exists an element h € SU{2) such that 
h"^"^ pih^)®"^ = gpg'^ ■ Because p is a Werner state, we 



have p ~ p' . For n = 2, it is straightforward, albeit 
tedious, to check that the coefficients of A, in the 
characteristic polynomial det(p(a) — Aid) for the state 
p{a) := ld/A+^{(Tx®ax+(Ty®ay+a,^®az) are i-3°"-2q^ 

and , respectively. This implies that if p{a) is local 

unitary equivalent to p{a'), then a = a' . 



III. SUMMARY AND OUTLOOK 

We have shown how symmetric Werner states have a 
simple structure expressed in a basis of tensors of Pauli 
matrices, and that decompositions in this basis are local 
unitary invariants. Natural next questions are 

• Can we give bounds on coefficients in the polyno- 
mials Fn{p)l 

• Can we find conditions for separability using these 
coefficients? 

• Can we say what level of reduced density matri- 
ces determines symmetric Werner states? (That is, 
if we are given a collection of /s-qubit reduced den- 
sity matrices for some fc, can we determine whether 
there is a unique p that has these reduced density 
matrices?) 

Evidence that the last question is not just wishful think- 
ing is that the partial trace operation is particularly nice 
in Pauli tensor coordinates. We have 



trfc(criiC 



2a, 







if Ik = 
otherwise 



where the wide hat symbol means omit the fctli factor. 
Progress on any such aspect of the A'^-representability 
problem would be of interest. 

Acknowledgments. This work has been supported by 
National Science Foundation grant #PHY-0903690. D.L. 
thanks Geza Toth for helpful discussions. 



[1] J. S. Bell, Phys. 1, 195 (1964), reprinted in J. S. Bell, 
Speakable and Unspeakable in Quantum Mechanics, sec- 
ond edition (Cambridge University Press, Cambridge, 
England, 2004). 

[2] R. F. Werner, Phys. Rev. A 40, 4277 (1989). 

[3] D. M. Greenberger, M. A. Home, and A. Zeilinger, 
in Bell's Theorem, Quantum Theory, and Conceptions 
of the Universe, edited by M. Kafatos (Kluwer Aca- 
demics, Dordrecht, The Netherlands, 1989), pp. 69-72, 
arXiv:0712.0921vl [quant-ph]. 

[4] A. Drucker and R. de Wolf, Theory of Com- 
puting Library, Graduate Surveys 2 (2011), URL 
|http : //theoryof computing . org/axticles/gs002/ [ 

[5] M. Pawlowski, T. Paterek, D. Kaszlikowski, V. Scarani, 
A. Winter, and M. Zukowski, Nature 461, 1101 (2009), 



URL [http : //arxiv . org/abs/0905 ■ 2292] 

[6] M. Aulbach, D. Markham, and M. Murao, New J. Phys. 

12, 073025 (2010), arXiv:1003.5643v2 [quant-ph]. 
[7] M. Aulbach, D. Markham, and M. Murao 

(2010), arXiv:1010.4777vl [quant-ph], URL 
|http : //arxiv . org/abs/1010 . 4777 ( 
[8] D. J. H. Markham (2010), arXiv:1001.0343vl [quant-ph]. 
[9] L. Chen, A. Xu, and H. Zhu, Phys. Rev. A 82, 032301 

(2010). 

[10] H. Zhu, L. Chen, and M. Hayashi, New 
Journal of Physics 12, 083002 (2010), URL 
http: //stacks . iop . org/1367-2630/12/i=8/a=083002| 

[11] G. Toth, W. Wieczorek, D. Gross, R. Krischek, 
C. Schwemmer, and H. Weinfurter (2010), 
arXiv:1005.3313v3 [quant-ph]. 



4 



[12] T. Bastin, S. Krins, P. Mathonet, M. Godefroid, 

L. Lamata, and E. Solano, Phys. Rev. Lett. 103, 070503 

(2009), arXiv:0902.3230v3 [quant-ph]. 
[13] T. Bastin, P. Mathonet, and E. Solano (2010), 

arXiv:1011.1243vl [quant-ph]. 
[14] L. Chen, E. Chitambar, R. Duan, Z. Ji, and A. Winter, 

Phys. Rev. Lett. 105, 200501 (2010). 
[15] C. D. Cenci, D. W. Lyons, L. M. Snyder, and 

S. N. Walck, Quantum Information and Computation 

10, 1029 (2010), arXiv: 1007.3920V 1 [quant-ph], URL 

|http : / /arxiv . org/abs/1007 . 3920 
[16] C. D. Cenci, D. W. Lyons, and S. N. Walck, 

Springer Lecture Notes in Computer Science, to 

appear (2011), arXiv:1011.5229vl [quant-ph], URL 

|http : //arxiv . org/abs/1011 . 5229[ 
[17] J. Lee and M. S. Kim, Phys. Rev. Lett. 84, 4236 (2000). 
[18] P. W. Shor, J. A. Smolin, and B. M. Terhal, Phys. Rev. 

Lett. 86, 2681 (2001). 
[19] A. J. Short, Phys. Rev. Lett. 102, 180502 (2009). 
[20] P. Zanardi and M. Rasetti, Phys. Rev. Lett. 79, 3306 

(1997). 

[21] D. A. Lidar, L L. Chuang, and K. B. Whaley, Phys. Rev. 
Lett. 81, 2594 (1998). 



[22] M. Bourennane, M. Eibl, S. Gaertner, C. Kurtsiefer, 
A. Cabello, and H. Weinfurter, Phys. Rev. Lett. 92, 
107901 (2004). 

[23] T. Eggehng and R. F. Werner, Phys. Rev. A 63, 042111 
(2001). 

[24] D. W. Lyons and S. N. Walck, Phys. Rev. A 78, 
042314 (2008), arXiv:0808.2989v 2 [quant-ph], URL 
|http : //arxiv . org/abs/0808 ■ 2989 | 

[25] S. Sternberg, Group theory and physics (Cambridge Uni- 
versity Press, 1994). 

[26] T. Brocker and T. torn Dieck, Representations of Com- 
pact Lie Groups (Springer- Verlag, New York, 1985). 

[27] "1? is given in a natural way by the adjoint action SU (2) ^• 
SO{su{2)), so that $(.g)(M) = gMg\ and we iden- 
tify su{2) with by A o (1,0,0), B ^ (0,1,0), 
C ^ (0,0,1). See [H.' 

[28] To be precise, the cited work considers the representa- 
tion C[x,y,z]. In the case of SO{3), the irreducible sub- 
modules of this complex representation are in one-to-one 
correspondence with the real irreducible submodules of 
R[a::, j/,z] via complexification. See [2^ . Ch.2 Sec. 6]. 



